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I. INTRODUCTION
In Einstein's general theory of relativity the old Newtonian concepts of space and time have drastically changed and fused into a new 4-dimentional, dynamical entity representing the underlying gravitational field, the so called spacetime. But when it comes to the measurements of physical phenomena, as in astrophysics and cosmology, we are led to define and measure spatial and temporal quantities and consequently a decomposition of the underlying spacetime into spatial and temporal sections would be unavoidable. There are two well known approaches to spacetime decomopsition in general relativity: the 1 + 3 decomposition or threading formalism and the 3 + 1 decomposition also called foliation.
In the first formalism, introduced by Landau and Lifshitz [1] [2] [3] [4] , a congruence of timelike curves (world-lines) is employed for threading the spacetime under study. This is the same formalism which, through analogy with electromagnetism, enables one to introduce the so called quasi-Maxwell form of the Einstein field equations [1, 4] . In the second formalism, the four-dimensional spacetime is foliated into three-dimensional hypersurfaces in the context of the so called thin sandwich formulations which finally led to the Hamiltonian formulation of Einstein field equations [5] . In what follows we are concerned with the threading formulation of spacetime decomposition which has been quite successful in different aspects specially in finding exact solutions of Einstein field equations along with their interpretation [4, 6] as well as in analysing relativistic cosmological perturbation modes [7] . Mathematically more involved, but essentially the same formulation of 1 + 3 decomposition is presented in [8] .
The analogy with electromagnetism has been employed to introduce the so called gravitoelectromagnetic (GEM) fields E g and B g through which the interpretation of NUT-type spacetimes as the spacetimes of gravomagnetic monopoles became possible [4] . The analogy has been pushed further by introducing spacetime index of refraction [1] and use it to analyse physical effects in curved backgrounds [9] .
In electromagnetism, the Maxwell equations are written in a manifestly covariant form by introducing the antisymmetric electromagnetic field tensor F ab . Writing Maxwell equations in terms of F ab gives them another advantage, namely they could be expressed in a generally covariant form (i.e in a curved background) by using the principle of minimal coupling.
To push the analogy between electromagnetism and GR even further, in the present paper we pursue the idea of defining a new second rank antisymmetric field tensor for stationary space-times characterized by the existence of a timelike Killing vector field. Apart from mathematical interest in introducing such a tensor field which is constructed from components of gravitoelectric and gravitomagnetic fields, we will find it useful in investigating properties of stationary spacetimes. Obviously this second rank four-dimensional tensor field does not belong to a particular class of observers, instead it is a covariant quantity and a characteristic of the stationary spacetime under study. This approach makes it possible to use the concepts of 1 + 3 decomposition covariantly and without bothering to deal with the 3-manifold Σ 3 whose elements are the orbits of the timelike Killing vector field and over which spacetime 4-tensor fields are projected.
The outline of the paper is as follows. In the next section we introduce 1 + 3 decomposition and the quasi-Maxwell form of the Einstein field equations in their 3-dimensional (vector) form. In section III we introduce the gravitoelectromagnetic (GEM) field tensor and express the quasi-Maxwell form of the Einstein field equations both in a coavriant form and in the language of differential forms in terms of this field tensor. In section IV we will discuss the generalized Maxwell equations in curved spacetimes and compare them with their gravitational analogues introduced in section IV. In section V the extrinsic curvature will be written in terms of the GEM tensor field and then the gravitational junction conditions are written in analogy with electromagnetism. In the conclusion section we summarize and discuss our results.
Notations: Following Landau and Lifshitz [1] our convention for indices is such that Latin indices run from 0 to 3 while the Greek ones run from 1 to 3. Throughout we employ gravitational units in which c = G = 1. Also indices "g" and "em" stand for gravitational and electromagnetic entities respectively.
II. 1 + 3 SPACETIME DECOMPOSITION AND THE QUASI-MAXWELL FORM OF THE EINSTEIN FIELD EQUATIONS
Suppose that (M, g ab ) is a 4-dimensional stationary spacetime/manifold with a timelike killing vector ξ representing a 1-dimensional group of transformations,
under which the space-time line element is invariant,
Obviously all vector fields e c ξ (c ∈ R) have the same integral lines, i.e they are determined up to a constant multiplicative factor, indicating the freedom in choosing the unit of (world) time interval. The freedom in choosing the time origin at each spatial point is denoted by the following transformation [1] ,
with f (x µ ) an arbitrary function of spatial coordinates. In the 1 + 3 (threading) formulation of spacetime decomposition the line element of a stationary spacetime is written in the following form [1, 3, 4 ]
where dτ syn is the synchronized proper time,
) and
is the spatial line element (also called the radar distance element) of the 3-space Σ 3 with the spatial metric γ µν . Under the transformation of the time origin (3), as expected, the spatial line element is invariant and the spacetime metric transforms into
where
In other words, the so called gravitomagnetic potential A g undergoes a gauge transformation. It should be noted that the 3-space Σ 3 introduced in this formalism is the quotient space/manifold
in which G 1 is the one dimensional group of motions generated by the timelike Killing vector field of the spacetime [2, 3] . This is a 3-space which does not correspond to any hypersurface embedded in the 4-dimentional spacetime as its natural habitat. One of the main advantages of the 1 + 3 formulation is the fact that one could express the Einstein field equations in the so called quasi-Maxwell form in a broader context called gravitoelectromagnetism. Indeed using the above formalism, it is shown that test masses moving on the geodesics of a stationary spacetime, depart from the geodesics of the 3-space Σ 3 as if acted on by the following GEM Lorentz-type 3-force [1, 4] ,
in which the 3-velocity of the particle is defined in terms of the synchronized proper time as
and the gravitoelectric and gravitomagnetic vector fields are defined as follows,
Employing the above definitions, vacuum Einstein field equations could be written in the following quasi-Maxwell form [1, 4] ,
in which P µν is the 3-dimensional Ricci tensor of the 3-space Σ 3 constructed from the 3-dimensional metric γ ab in the same way that the usual 4-dimensional Ricci tensor R ab is made out of g ab [21] . Looking at the equations (13)- (14) and in analogy with electromagnetism one could also define the following quantities;
as the gravitoelectromagnetic energy density, the gravitomagnetic intensity vector and the GEM Poynting vector respectively.
For future reference, two points need to be emphasized here with respect to the above quasiMaxwell form of the Einstein field equations. The first point is the obvious fact that in terms of the gravitoelectric and gravitomagnetic fields, equations (13)- (15) are nonlinear.
As a second point, it should be noted that since the gravitoelectric and gravitomagnetic fields are 3-vectors living in Σ 3 , the above formulation is not a manifestly covariant formulation and indeed it was not meant to be so due to the idea of decomposition. Now to benefit (through the analogy with electromagnetism) from the decomposition of the gravitational field into gravitoelectric and gravitomagnetic fields and at the same time retain a covariant formulation, one of our main objectives is to express the quasi-Maxwell form of Einstein field equations in a manifestly covariant form. This is achieved in the next section through the introduction of the GEM field tensor.
III. GRAVITOELECTROMAGNETIC FIELD TENSOR AND COVARIANT QUASI-MAXWELL EQUATIONS
Using the timelike Killing vector field of the underlying stationary spacetime and in analogy with electromagnetism we introduce the following invariant GEM 2-form field,
where the 1-form ξ ⋆ is the dual vector of the Killing vector ξ. In terms of tensor components it will take the following form,
It is worth noting that F g is defined on the underlying four-dimensional stationary spacetime M, i.e the raising and lowering of its indices are done by the spacetime metric g ab . Also it is clear from the above equation, that the Killing vector field ξ seems to be playing the role of a GEM 4-potential in analogy with the electromagnetic four-potential A b EM . This is an important point which deserves some attention, as in a more faithful analogy to electromagnetism it is expected that the gravitoelectric and the gravitomagnetic potentials φ ≡ ln √ g 00 and A g , introduced in the last section, to constitute the gravitational 4-vector potential. But for the obvious reason that the gravitomagnetic potential is defined as a vector in Σ 3 , we have not been able to parallel the electromagnetism here [22] . Invariance of the GEM field tensor F g under the transformation (1) could be examined through the application of the Lie derivative on F g along ξ. In the coordinate system adapted to the timelike Killing vector field (i.e where g ab,c = 0),
using (20) and the fact that L ξ ξ = 0, it is easy to see that we end up with
as a tensorial relation valid in any coordinate system proving that F g is invariant under the transformation along the timelike Killing vector field.
A. Covariant quasi-Maxwell equations
To find a covariant formulation of the quasi-Maxwell form of the Einstein field equations, as a first step and in analogy with the electromagnetic field tensor we express the introduced GEM field tensor (20) in terms of the gravitoelectric and gravitomagnetic vector fields defined in the previous section. In the coordinate system adapted to the time like Killing vector we have
with its contravariant counterpart given by
in which γ = detγ αβ and use is made of the fact that
. Now the homogeneous quasi-Maxwell equations (11) and (12) could be compactly written in the following form,
For the two inhomogeneous equations (13) and (14), it can be shown that they are compactly encoded in the following covariant form (refer to appendix A for a detailed calculation),
This result is expected since using the relation
ab ξ a where in the vacuum case, R ab = 0, leads to (26). Nevertheless it shows that there is no gravitational analogue of the electromagnetic 4-current density. To elaborate on this point, it should be noted that in electromagnetism there are two 4-current densities, one related to the charges of the particles and the other one to their energy. The first one constitutes the equation of continuity ∂ a J a = 0 with J a = (ρ, J) while the second one is interpreted to constitute the continuity equation ∂ a S a = 0 with S a = (u, S) (such as in a nonconducting medium). Therefore, on the gravitational side, one might have expected the presence of a kind of gravitational 4-current (energy) density made out of u g and S g in the right hand side of (26). But it should be noted that, due to the nonlinear nature of the Einstein field equations, components of such a 4-current had already been built into the quasi-Maxwell form of the vacuum Einstein field equations (13) and (14) (as the sources of the GEM fields). In other words this is a manifestation of the nonlinearity of the gravitational field equations which takes care of the fact that gravitational field itself gravitates [23]. It should be noted that our definition of the GEM field tensor is different from the tensor field introduced by Geroch [2] where it is defined as
It has already been shown that Geroch's definition of field tensor only includes the gravitomagnetic vector field. For an explicit 4 × 4 matrix form refer to [8] .
Going back to the quasi-Maxwell equations it is expected that one should also express the last of these equations, equation (15), in terms of the GEM field tensor, but for now we assume there are enough symmetries in the problem (such as in the spherical case) to make that equation redundant.
B. Quasi-Maxwell equations in the language of differential forms
Using the language of differential forms and the electromagnetic field tensor, Maxwell equations could be written in a coordinate-free language [12] . In the same way, employing the introduced GEM field tensor along with the exterior derivative operator d, one could express the quasi-Maxwell equations in the language of differential forms. By its definition, the GEM 2-form (19) is an exact form and so by Poincare lemma it is also a closed form and indeed the homogenous quasi-Maxwell equations are given by
Whereas the inhomogeneous equations are given by
with the Hodge dual of the GEM 2-form F g defined as follows,
in which ǫ is the Levi-Civita symbol. The above relation shows that the dual form * F g is a closed 2-form.
IV. GRAVITOELECTROMAGNETISM VS ELECTROMAGNETISM IN
CURVED SPACETIME
In this section we look for analogies between the GEM formalism introduced in the last section and electromagnetism in curved spacetime employing the principle of minimal coupling to gravitational field. Using equations (20) and (23) one can show that the GEM field F g could be written as follows
Converesly the gravitoelectric and gravitomagnetic covariant 4-vector fields are given by [10] E g a = − 1 2|ξ|
where it is obvious that E g a ξ a = 0 and B g a ξ a = 0, ensuring that these 4-vectors have no components along the timelike Killing vector field in the cordinate system adapted to it, i.e E g 0 
in which it is noted that E g α = γ αβ E g β .
On the other hand, electromagnetism in curved backgrounds have been the subject of many studies specially when the curved background is a cosmological one such asc a FLRW spacetime. In almost all these investigations, the electromagnetic (Faraday) field tensor is decomposed into electric and magnetic fields, with respect to the 4-velocity u a of a timelike observer (u a u a = 1) as follows [13, 14] 
so that the electric and magnetic 4-vectors are given by
Obviously the electromagnetic fields satisfy the relations E 
A. Junction conditions in terms of the GEM fields
In what follows our main objective is to rewrite the above introduced junction conditions for non-null hypersurfaces in terms of the GEM fields of the underlying spacetime metrics and show their formal analogy with their electromagnetic counterparts. Since by second junction condition there are no matter layers on the hypersurface, it is this condition which is expected to be a gravitational anlogue, in electromagnetism, of the continuity of the electric and magnetic fields on the boundary sparating two media where there are no free charges or currents.
We start by writing the extrinsic curvature in terms of the tangent vectors to the hypersurface and (the covariant derivative of) the normal vector to it and decompse the relation as follows 
and λ γ αβ are the components of the three-dimensional Christoffel symbol constructed from the 3-metric γ αβ . Now using the above relation, the second junction condition leads to the following two conditions 
It should be noted that the two conditions (47) and (49) are not independent and using the orthogonality relation n a e a i = 0, one could be derived from the other. In other words continuity of the normal components of the gravitoelectric field across the hypersurface gurantees the continuity of its tangential components and vice versa.
In the coordinate system adapted to the timelike killing vector (i.e ξ a . = (1, 0, 0, 0)), equations (47), (49) and (50) could be rewritten in the following more familiar 3-dimensional forms
where they show that the tangential components of the gravitoelectric field and gravitomanetic intensity as well as the normal components of the gravitoelectric field are all continuos across the hypersurface separating the two regions of the spacetime.
VI. DISCUSSION AND SUMMARY
In the present study, after introducing the gravitoelectromagnetic field tensor for stationary spacetimes, the quasi-Maxwell form of the Einstein field equations were written in were employed to find (recover) new (old) solutions of Einstein field equations such as the NUT-type spacetimes [4, 6] . It should also be noted that the employment of the threading decomposition of stationary spacetimes in the above formulation of the junction condition, restricts its application to stationary space times and its generalization to non-stationary spacetimes needs a consistent formulation of the threading decomposition for non-stationary spacetimes.
First we consider the spatial components of the field tensor,
β from which we obtain the following quasi-Maxwell equation in the three-space Σ 3
Now we turn our attention to the spatio-temporal component of the equation, i.e,
which could be written as follows,
Writing the GEM field tensor in terms of the GEM vector fields we have,
in which for the second term in the right hand side we have
so that we have
After making use of the equation (A2) we end up with the desired result
which is the other inhomogeneous quasi-Maxwell equation.
Before proceeding with the calculation of the jump in the extrinsic curvature of the boundary hypersurface, it should be noted that the following calculations are made in a gauge in which g α;β + g β;α = 0. This is due to the fact that the combination g α;β + g β;α is not an invariant under the gauge transformation A g α → A g α + ∂ α f representing the freedom in choosing the time origin (3), where it is known that all the 3-dimensional objects are scalars under the spacetime transformations [1] .
We begin by writing all the connection coefficients in terms of the GEM 3-vector fields and then show that the two expressions (42) and (43) are equivalent in the coordinate system adapted to the timelike Killing vector field and so being 3-tensorial relation on the hypersurface they are equal in all coordinate systems.
In terms of the metric components, the connection coefficients for a stationary spacetime (in the coordinate system adapted to the timelike Killing vector field) are given by [1] ,
Rewriting the above equations in terms of the GEM 3-vector fields, they are given as follows,
Now what we need, is to show that the following relations hold between the connection coefficients and the components of the tensor P 
This could be achieved by calculating the components of P a bc in the coordinate system adapted to the timelike Killing vector as follows, P 0 00
comparing the above relations with those in (B2) shows that the relations given in (B3) are satisfied in the coordinate system adapted to the timelike Killing vector field. [20] M. Nouri-Zonoz and A. Parvizi, work in progress.
[21] It should be noted that the curl and divergence operators are defined in the 3-space Σ 3 with metric γ αβ in the following way;
Also it is noted that the first two equations (11)- (12) are direct consequences of our defintions of gravitoelectric and gravitomagnetic fields and the original ten field equations are now given by equations (13)- (15) .
[22] Indeed one may choose A a = (φ, A g ) as the GEM 4-vector potential out of which a GEM field tensor could be defined in the usual manner, namely [23] Indeed, in this respect, division of the vacuum quasi-Maxwell equations into homogenous and inhomogenous equations is merely a matter of formal comparison with their analogues in electromagnetism and nothing more.
[24] Note that here the intrinsic coordinates of the hypersurface are denoted by the middle Latin indices (i, j, ..).
[25] It is called a formal three dimensional analogue since neither Σ 3 space is a hypersurface of the underlying manifold nor the spatial components of the normal to the boundary hypersurface necessarily constitute a normal vector to Σ 3 .
